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H*|H"” Controller Design for a Two-Dimensional Thin Airfoil
Flutter Suppression
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In this paper we study the problem of active feedback controller design for a thin airfoil, whose
mathematical model is derived from classical Theodorsen’s formulation. A finite dimensional controller
stabilizing the original infinite dimensional model is obtained using H “ control techniques. We also consider
the gust alleviation problem and show that it can be formulated as a disturbance attenuation problem in
the mixed H*/H" control framework. We use existing results on H* and mixed H?/H" control to illustrate

our approach with a numerical example.

I. Introduction

N this paper we consider the problem of active feedback

controller design for a thin airfoil in unsteady aerodynamics.
The mathematical model we adopt for this system is obtained
from Theodorsen’s formulation. Using the H” control theory
we derive a finite dimensional feedback controller stabilizing
this infinite dimensional model. Then we study the gust allevia-
tion problem and show that it can be seen as a disturbance
attenuation problem, which can be solved using the mixed H?/
H* control methods.

In general, mathematical models for airfoils in unsteady aero-
dynamics are linear time invariant infinite dimensional systems.
The basic difficulty in such systems is to compute the aerody-
namic loads due to unsteady flow. The simplest models (in
the frequency domain) for the unsteady aerodynamics contain
Theodorsen’s function as the infinite dimensional part. Because
of the interaction between the structure and the flow, flutter
(dynamic instability) occurs at a certain flow speed. Therefore,
it is important to design active feedback controllers stabilizing
the airfoil. Gust can be seen as a perturbation in the flow, and its
effect on the airfoil can be modeled as an external disturbance. In
our feedback controller design, besides closed-loop stability,
we would like to reduce the effect of this external disturbance
on the system response.

There are several techniques for designing feedback control-
lers directly from the infinite dimensional airfoil model.! In
this method the controller itself is infinite dimensional, and
hence one has to approximate it to obtain an implementable
finite dimensional controller. Another method is to approximate
the infinite dimensional part of the system and design a finite
dimensional controller from the finite dimensional approxi-
mate model.

Most of the work found in the literature on active flutter
suppression for Theodorsen’s model of a thin airfoil uses the
second method. In other words, Theodorsen’s function (or the
system model generating aeroelastic loads) is approximated
first, and a controller is designed (based on several different
control techniques) from this finite dimensional model (see
Refs. 2—4 and also references therein). However, to our know!-
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edge, the robustness of these controllers to approximations of
Theodorsen’s function has not been studied in the flutter sup-
pression and gust alleviation context. One has to make sure that
the finite dimensional controller designed from the approximate
model behaves as desired for the original infinite dimensional
model that contains Theodorsen’s function. This problem will
be studied in the paper, and a procedure to obtain an appropriate
controller will be given. The basic idea here is to use H* and
mixed H%/H” control techniques. The H part of this problem is
to guarantee closed-loop stability in the presence of unmodeled
dynamics. The H? part of it deals with the issue of minimizing
the energy of the system response due to gust.

The paper is organized as follows. In the next section we
define the mathematical model to be considered for an airfoil
in unsteady flow. In Sec. III we present an H control approach
to flutter suppression in the presence of unmodeled aerodynam-
ics. Section IV contains a discussion on how to model the gust
and how to put the gust alleviation problem in the framework
of the mixed HH> control problem. We present a numerical
example in Sec. V. Concluding remarks are made in the last sec-
tion.

II. Mathematical Model for the Airfoil

We consider the following mathematical model*-” for the thin
airfoil shown in Fig. 1,

M 7(t) + B,2(t) + K.z(t) = (/m,) F(t) + Gu(t) (1)

where z(t) = [h(t), a(t), B(¢)]’, and u (¢) represents the control
input (torque applied at the flap). The scalar m, denotes the
mass of the structure, and the matrices M,, B,, K;, and G are
in the following forms:

Fig. 1 Thin airfoil.
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1 b.xa be
M, ={ bx, b’ri biry + xp(c — a)l
bxy D[r} + xg(c — a)] br}
0 0 0
B, =0 0O 0
0 O 2b2ré§3(l)ﬁ
w? 0 0 0
K.=|0 brie? 0 , G= 0
0 0 biriw} b*riw}

Where x,, Xp, 7o, g, O, 0, Wy, and {g are scalar constants.

In this paper we consider the indicial problem,'® ie., we
assume that z(¢t) = 0 for r = 0. The aeroelastic loads are
represented by F(¢), which can be expressed as*"®

F@t) =M, 2(t) + B,z2(t) + K,z(t) + F (1) 2
where F (1) is the “circulatory” part of F(¢). The matrices M,,
B,, and K, can be computed in terms of the problem data
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9 Co(sl — A)'B
Y _ psy = o — )_, 2 @)
a(s) 1 = Cy(sI — A B, T(s)
where T'(s) is Theodorsen’s function, and
03)(3 I3><3
A = Ma - Ka Ma - Bn
s - K: M: - —_— - Bx
m; n; mg mg
03Xl
Co=lei e B = ( *Ma) N
5 m, 1
03Xl
BO = ( - Ma “IG
mg

Note that the plant can be seen as a feedback system whose

T —ba -T.b
M, = —pb?{ —awb wh? (V8 + a?) —[T; + (¢ — a)T,1b?
~Tb —[T; + (c — a)T}b? —T3b% /%
0 v _‘T4
Ba = —psz 0 Tr(05 - a)b [Tl - Tg - (C - a)T4 + O.ST”]b
0 [Ty(a— 05 —T, —2T,1b ~T,T,,b 27w
00 0
K, = —pb?Vv?|0 O T, + Ty
0 0

where the various T; are Theodorsen’s constants.%’

According to Theodorsen’s formulation, F.(¢) can be
expressed in the frequency domain as (see Ref. 7, pp. 395, 396
or Ref. 4, pp. 26-28)

F.(s) = T(s)(Ba + sBa)i(s) 3
where s is the Laplace transform variable, represents the Laplace

transformed version of a time signal, T(jw) is Theodorsen’s
function, and B, and B, are constant matrices given by

By =bicy, B, =bc,
where
27
b, = pVb| 2mb(a + 0.5)
_leb
c, = V[O 1 T]()/'TT], Cy = [1 b(OS - a) bT||/21T]
Let

y() :=c1z(t) + c22()

be the measured output of the system. Then, taking the Laplace
transforms of Egs. (1) and (2) and then using Eq. (3), we obtain
a transfer function from u to y, denoted by P(s):

(Ts — TuTi)/m

feedback path consists of the aerodynamics represented by
Theodorsen’s function, as shown in Fig. 2.

In practice, T'(s), which represents an infinite dimensional
system, is approximated by a low-order rational function, say
T, (s). This leads to a finite dimensional approximate model for
the plant to be controlled

Co(sl — A)™'B,
1 — Co(sI — A)"'B T, (s)

Py(s) =

Approximation of T by a second-order rational function 7,
has been discussed in Ref. 10, and the L error bounds [i.e.,
sup,, | T(jw) — T,(jw)!] in several approximation methods have
been compared. In the next section we design a feedback con-
troller for P{s), which is guaranteed to stabilize both P;(s) and
P(s). The main tools used are the H” control techniques.

u + -1 y
- (sI-A) Co

By T(s)

Fig.2 Structure of the plant.
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III. Stabilization by a Finite
Dimensional Controller

Let us consider the thin airfoil model obtained earlier. When
flutter occurs, the plant P(s) is unstable, and we would like to
design a feedback controller K;(s) stabilizing the closed-loop
system formed by u = —Kjy. In our design we will consider
a stable finite dimensional 7, (see Ref. 10 for the exact numerical
values of the coefficients of 7;). This will give us an approximate
plant model P;. A robustly stabilizing finite dimensional con-
troller K;(s) will be obtained from P, and it will be shown
that, under a certain condition, this controller stabilizes the
original infinite dimensional airfoil model, with a certain
robustness level.

Consider the finite dimensional approximate plant

Co(sI — A)'B,
1 — Co(sI —A)'B,T,(s)

Pf(s) =

We can find rational transfer functions N,, N,, M € H*, such that

No(s) Ni(s)
C — A)'B, = C —A)'B, =
o(sl ) 0 M(s) o(sI ) ! M(s)
Therefore, we can express P and P; in the form
N, N,
Pf(s) o(8) P(s) o(s)

MG) — Ni(9)T.(5) T M(s) = N, (s)T(s)

Thus, P and P, differ in their denominator, in the sense that

N

N,(s)
P(s) = M—,(i)

where N,(s) = No(s), M,(s) = M(s) — Ni(s)T(s), My(s) =
M,(s) + Ay(s), and

Au(s) = Ni()IT(s) — Tu(s)]

Let €, be an upper bound of the L* approximation error for
Theodorsen’s function, i.e.,

IT = Tall <e,

It was shown' that a second-order rational function T, [see
Sec. V for the precise definition of 7, (s)] gives an error bound
€, = 0.012.

Lemma 1: A controller K; stabilizing Py and achieving an
H” performance level

Y(Kp) = INM7 (1 + PKp) 7'l &)

stabilizes the infinite dimensional plant P if

WK = - ©

Proof: A controller K; stabilizes the closed-loop system with
the plant P if and only if'"™* § = (1 + PK)™', PS, K;S € H".
Since K; stabilizes Py, it has to be in the form"" K; = (X +
M;Q)/(Y — N,Q) for some X, ¥, Q € H". Then the sensitivity
function of the feedback system with controller K;and the actual
plant P is of the form

1

S=11pk,

_ 1
T 1 [NJ(M; + AIIX + M;Q)(Y — N, Q)]

H*/H® CONTROLLER

_ (M; + Ay)XY = N,0)
(M; + Ay(Y—N,Q)+ N, X+ N,M:Q
_ (M, + A,)(Y = N,0)
1+ Ay(Y = N,0)

From this expression we get

XS (M; + Ay)X + M,Q)
f 1+ Ay (Y—N,Q)

_ NJ(Y-N,0)
PS=7 +Ayu(Y = N,0)

Hence, S, K;:S, PS € H” if''"
lAu(Y = N, Ol <1 @)
Since 1Ay(jw)l < €, N\ (jw)l, the inequality (7) holds if

W.(¥ - N,Q)ll. =~

eﬂ
On the other hand, it is easy to see that
N (Y —-N,Q)=NM"'(A+PKp™! N

The controller K ', which minimizes y(K) over ail controllers
stabilizing Py, has the best chance of satisfying Eq. (6). That
is, if we define

= 3 = opt
'Yopt ’ Kfs!algill'ilzti.ng}’f ’Y(Kf) ’ ’Y(Kf )
then the controller K * stabilizes Py, and all plants of the form
P, whose approximation error (e, = [T — T}Jl.) satisfies

—~1
€, = Yopt

IV. Gust Alleviation Problem

In this section we would like to outline a mixed H*/H” control
approach to the gust alleviation problem. We can mode! the
gust as a disturbance in the flow. Therefore, gust enters the
mathematical model in the computation of aerodynamic loads.
We can think that' F(¢) is perturbed by a term n,(¢) that is the
output of a filtered white noise, i.e.,

ny () = fo W,(t — T)w(r) dr

where w is white Gaussian with unit spectral density, and Wg( s)
is a 3 X 1 filter shaping the spectral density of the gust. The
term n,( ¢ ) modifies the equation (1) governing the airfoil motion
in such a way that we now have

Y(s) = P(s)i(s) + F (s)w(s)

where
_ Co(sSI=A)'A W, (s) ,
B = m-a sy M
03X3
A =L M
1 m, M: —_— al-
mg
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The term F,(s) can be seen as a filter generating the output
disturbance in the system. Therefore, the closed-loop system
can be represented as shown in Fig. 3.

We would like to “minimize” the effect of the gust on the
system output; i.e., the output energy is to be minimized when
the system is excited by the gust. The feedback controller
generates the command signal: i (s) = —K;(s)y (s). Therefore,
we want to minimize the energy of z.,: = y over all controllers
K stabilizing the previous closed-loop system. That is, we want
to minimize

Y2 (Kp) = |1 + PKy)"'F,|l; = llzwgl: ®)

while keeping the closed-loop system stable. It can be shown
that the previous feedback system is equivalent to the system
shown in Fig. 4, where Ai(s) = T(s) — T,(s).

Now consider the closed-loop system shown in Fig. 5, where
the outer loop containing Ay in Fig. 4 has been ignored. Further-
more, two external inputs are added (taking measurement noise
and the approximation error into account): z is a white noise
uncorrelated with w, and v is deterministic and its energy is
bounded. The filter W,(s) is a weighting function for n. In this
system the output to be regulated is denoted by z,, and the
command signal is represented by u,.

After some algebraic manipulations, it can be shown that if
v =n = 0 then

1
T T ColsT = A) B iAL()
1+ Co(sI — A)™" BK/(s)
~ Co(sT = A)'BL Tu(s)

21

Therefore, in the case of v = n = 0 we have

+ Yy
?—‘ v 1" —r})—*

Fig.3 Feedback system with output disturbance.

1
llzeellz = ((Cosl—A) "B | llzill2 (9

[1+ Co(sl — A)""BoK(s)
= Co(sI — A)™'B, T ()]}

1 — €,

o

Note that

CQ(SI—A)«IBl
1+ Co(sl — A)“'BOKf(s) — Co(sl — A)'BT,(s)
=|IN:M' (1 + PeKp) 7'l
= Y(Kf)

@

Hence, we conclude that if
€. Y(Ky) <1
then
llzregllz = llz:fl2
Let us now consider the case v # 0 # n. It is easy to see that
€.Y(Kp) = IS, 0l

where S, ., denotes the transfer function from v to z;. Now
define

Wl

iy n

and

Li=|s ©
v |
I'ul
for some 0 < r <€ 1.

Lemma 2: A finite dimensional controller K, stabilizing the
finite dimensional feedback system shown in Fig. 5 stabilizes
the original infinite dimensional plant P, if y. < 1. Furthermore,
this controller guarantees that

”Zreg"2 = ' = yz,eg (10)

1— Yo

(i.e., the energy of gust response is bounded by v.,,).

w + + + Zreq
—{a «s)—»()—»(i)—-( > (s1-4)~! c
i + - + (=4 0 Proof: From Lemma 1 we have that K, stabilizes P if €,y( Ky
P 2 P T < 1. But €,y(Ky) < v.. Hence K; stabilizes P if y, < 1. On
! f ! a the other hand, by Eq. (9) we know that
K, (s)
f
"ZregIIZ = B ”le|2
Doyls) 1 —va
Fig.4 Equivalent feedback system. It is also easy to see that Jiz)|l, = 3 . O
w + + + ) 2
-—»A)%(s)‘bg—b_?—:?-’ (s1-A) Co >
&Bi| | Bo | | B4 Tals) |
v T T + n
W(s)
Uy Xf (s) + n( <

Fig.5 Modified feedback system.
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Note that as r — 0 and W, = 0 we have

v = lizill2

In summary, for robust stability and gust alleviation we want
to design a controller K so that y., <1, and Vereg is minimized.
It is obvious that y. = €,y Intuitively speaking, if we try to
make . small (i.e., close to €,Y,,), then the resulting y; can
be very large. In this case, even though 1/(1 — v, ) is small,
Y. can be large. Conversely, if we try to minimize vy; , then
¥~ can be close to 1, and again vy, can be large. Therefore,
the optimal (i.e., smallest) value of -y, corresponds to a y.
value that is between €,y, and 1.

The problem just defined can be solved using an iterative
method by computing a mixed H%/H" controller at each step.
The procedure is described as follows:

1) Choose a number y slightly larger than €,yqy.

2) Minimize vy; subject to the condition that y. < 1.

3) Find the controller corresponding to minimal y; computed
in step 2.

4) Calculate the actual vy,,, for this controller.

5) Go to step 1, increase <y, and repeat the procedure until
vy=1

6) Plot y,,, vs v; the minimal value of v, is the optimal per-
formance.

An important point to remark here is that step 2 of the
previous procedure requires minimization of -y, , under the con-
dition s, <. This is a true mixed H?/H> optimization problem,
for which there is no simple solution. A solution to the modified
version of this problem, which minimizes an upper bound of
%¥; , is available."'7 Recall that originally we wanted to mini-
mize ||z, but it was difficult to do so, and we introduced
v; , which gives an upper bound for ||z.lh. In the following
numerical example, instead of minimizing v; , in step 2 we
minimize an upper bound of vy; (see Refs. 14, 15, and 17 for
the precise definition of this upper bound and a discussion of
how conservative this bound is) and obtain a controller from
this modified mixed H*/H" control problem. Then in step 4 we
can compute the actual vy; , and .. corresponding to this control-
ler. This requires computation of the 2-norm and %-norm of
finite dimensional transfer functions, which can be done
easily. 11218

V. Numerical Example
We choose following numerical values for the parameters of
the thin airfoil shown in Fig. 1 (these numerical values were
taken from page 18, example 1, of Ref. 6; for more details on
the physical significance of these parameters see Refs. 6 and 7):

a = —0.400 units of b
b = 1.000 ft

¢ = 0.500 units of b
X, = 0.200 units of b
xg = Yeo units of b

p = 0.031830989 slugs/ft’
V = 200.0 ft/s

m; = 1.000 slugs

w, = 100.0 rad/s

wg = 90.0 rad/s

w, = 60.0 rad/s

r. = 0.500 units of b
rg = J1/160 units of b

We can compute the system matrices A, By, By, and C, based
on the equations of Sec. II. Then we need an approximation
of T(s); i.e., we need a rational function T)(s) and an error
bound ¢, to obtain a finite dimensional plant model Ps(s). Note
that Theodorsen’s function is a function of reduced frequency
s = b/V(jw). In this case, when b = 1.000 ft and V = 200 ft/
s, we can define'

T.(s)

_ (18.6 X 1.000 X s/200 + 1)(2.06 X 1.000 X s/200 + 1)
(21.98 X 1.000 X /200 + 1)(3.44 X 1.000 X 5/200 + 1)

It was shown that' for this particular choice of T, we have e,
= 0.012.

Using the previous second-order stable T;, we can now obtain
our approximate plant as

Hi7=|(5 - Zi)]
Pi(s) = K| =4———m
f( ) [ng=l(s ~pi)
where
K = 1352.1
z; = —711.80 p: = —74.86 + 80.28i
z, = —58.14 p, = —74.86 — 80.28i
73 = —28.67 p: = —36.28
z4 = —9.10 ps = —22.40 + 106.81i
zs = 28.70 ps = —22.40 — 106.81i

z¢ = 0.32 + 68.08i Ps = —1.96
z7 = 0.32 — 68.08i p7 = 17.84 + 89.45i
ps = 17.84 — 89.45i

Note that the plant is nonminimum phase and unstable.
The next step is to obtain vy, and the corresponding controller
K; from the one block H* optimal control problem

= inf
Y ot Kfstabilizing Pf

W1 + PKp)™' || (11)
where W, = N\M; ', which can be computed from the problem

data as described in Sec. III. For our numerical example we
find that

H17=1 (s — Zi):l
W.(s) =K| =/
() [H}‘=1 (s —pi)
K = 19.65

z, = —328.95 p1 = —74.86 + 80.28i
Z, = —225.01 p2 = —74.86 — 80.28i
z3 = 131.59 ps = —36.28
74 = —58.14 ps = —22.40 + 106.81i
zs = —9.10 ps = —22.40 — 106.81i
26 = 2533 + 3479  ps = —7.96

Z7 = 2533 — j34.79 pr = 17.84 + 89.45i
ps = 17.84 — 89.45i

The problem (11) can be solved easily using one block H”
control techniques.! For this numerical example we have

You = 27590

Note that, since P; is strictly proper, the optimal X} solving Eq.
(11) is improper. To remedy this problem, we added two stable
poles (with large magnitudes) to make the optimal controller
proper and obtained an “approximately optimal” controller
given as follows:

H?=1 (S_Zi)]
K, := K| =—4———
f I:HJ?=| (s"‘Pj)
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where

K = —311,500

7z, = ~=7345 + 77.75i p, = —4.21 X 10®

z, = —7345 — 71.75i p, = —711.80

73 = —36.05 + 124.84i ps = —58.14

z4 = —36.05 — 124.84] ps = —34.88 + 12342}
zs = —36.01 ps = —34.88 — 123.42
Ze = —33.03 + 123.89i pe = —28.67

Z; = —33.03 — 123.89i pr = —9.10

zy = —7.83 ps = 31.15 + 39.27i

Z9 = 96.25 py = 31.15 — 39.27i

The controller K; places the system poles at (note that there are
several stable pole zero cancellations in the product P, which
is expected from the one block H* problem)

p, = —6.85 X 10* p, = —43.16 — 3541i
p, = —4.15 X 10* Py = —34.67 + 12345
py = —414.67 po = —34.67 — 123.45i
ps = —158.64 + 32.30i  pi = —21.78 + 40.80i
ps = —158.64 — 32.30i  p, = —21.78 — 40.80i

pe = —43.16 + 35.41i pr = —927

s0 it stabilizes the nominal plant P, Usually, whenever the
original plant has right half-plane poles and zeros, the one block
H*® controller is unstable. We see this situation in our example:
an unstable controller leads to a stable closed-loop system. If
the original plant was stable (airfoil is out of flutter condition)
and minimum phase, then'' we could expect a stable one block
H” controller.

We see from Fig. 6 that y(Ky) = 2.8982. This performance
is “fairly close” to v, = 2.7590. For this controller, K, the
maximum approximation error (in Theodorsen’s function
approximation) that the system can handle without violating
stability, is given by €/ : = y,i = 0.345. Recall that in our
case €, = 0.012 (considerably smaller than €*, so

€, YK;) ~ 0035 <1

and there is a large robustness margin in this design. Figure 6
also shows that the closed-loop system has high bandwith. For
practical applications this situation is undesirable, because the
measurement noise (which is neglected here) may be amplified.

However, in the previous discussion robust stability was
our only concern. Next we will consider the gust alleviation

3
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problem, where the effect of measurement noise will also be
taken into account.
For our example we choose

| 20 _ 0025

Wel) =11 =5 Wa( = 77001

1

and r = 0.001. Then we follow the procedure described in Sec.
IV. In step 2 of our procedure, we apply the results of Refs.
14, 15, and 17 to minimize an upper bound of v; , subject to
Y. <, for each fixed y. Aplotofy, vsvyis glven in Fig.
7 for 1 > vy > €, Yo = 0.035. We see that the minimum occurs
aty = 0.056, and for this value of y we find that vy, = 0.0544,
v: = 0.4892, and vy, g = 0.5174. The controller that corres-
ponds to these numbers is given by

Ki(s) = K ., (O —s/z) (12
A=K a =) )
where
K = —-0.1249

z) = —2084 + 1.32j p: = —1352318

7z, = —208.4 — 1.32j p, = —711.8

Z3 = —8.90 + 7228  p, = —1463

2s = —8.90 — 72.28)  p. = 1.77 + 68.12)

zs = —71.47 ps = 177 — 68.12j

z¢ = —32.61 ps = —58.14
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z; = —17.62 pr = —28.67

73 = —7.82 ps = —20.00

7o = —0.01 pe = —9.10
pw = —0.0108

This controller guarantees that 1) the closed-loop system, with
finite dimensional controller K; and the infinite dimensional
plant P, is stable because 2) e,y(Kp) = [IS,,. . < v = 0.0544
<1, and 3) IS, .l < V., = 05174

A plot of IS, . (jo)! vs w is shown in Fig. 8. This figure
shows that the closed-loop system passes only the low-fre-
quency (less than 10° rad/s) content of the disturbance w with
an amplification less than 0.07 (i.e., the attenuation level is
greater than 1/0.07 ~ 14 ~ 23 dB).

VI. Concluding Remarks

In this paper we have considered a thin airfoil model, which
is infinite dimensional. We have shown that a finite dimensional
controller stabilizing this system can be obtained by solving a
one block H” control problem. We have determined a sufficient
condition for such a controller to stabilize the infinite dimen-
sional plant. This condition depends on the finite dimensional
plant and on the error in the approximation of Theodorsen’s
function. We have shown a numerical example illustrating
this approach.

The gust alleviation problem is formulated in the framework
of the mixed H?/H* control problem, where the plant to be
controlled is finite dimensional. In this paper we developed a
procedure to solve this problem and demonstrated our approach
with a numerical example.
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